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The duality symmetric but non manifestly covariant action proposed by Schwarz and Sen is
canonically quantized in the Coulomb gauge. The resulting theory turns out to be, nevertheless,
relativistically invariant. It is shown, afterwards, that the Schwarz-Sen model naturally emerges
when duality is implemented as a local symmetry of sourceless electrodynamics. This implies in the
equivalence of these theories at the quantum level.
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I. INTRODUCTION
The equations of motion of the four-dimensional low energy eective eld theory for the bosonic sector of the
heterotic string, are invariant under SL(2,R) duality transformations of the massless elds involved. This, so called
S-duality symmetry, is a symmetry of the equations of motion but not of the corresponding action. On the other hand,
the low energy eective eld theory action retains the target space duality symmetry (T-duality) of string theory. It
would be desirable to achieve S-duality at the level of the action in the hope of attaining results similar to those given
by the T-duality symmetry. However, it is dicult to conciliate duality symmetry and manifest Lorentz covariance.
The diculty of writing a non trivial action involving only a nite-component self-dual covariant form is well known.
In fact, to construct a duality symmetric action being manifestly covariant one must introduce auxiliary elds. The
rst attempts in this direction involved an innite number of auxiliary elds [1].
Duality symmetric actions being manifestly covariant and containing a nite number of auxiliary elds have also
been constructed but they are not polynomials. These actions were found by Pasti, Sorokin and Tonin (PST) [2,3].
For the case of electrodynamics, the PST action covariantizes the action found earlier by Deser and Teitelboim [4]
and rediscovered by Schwarz and Sen [5], which is duality symmetric but not manifestly covariant. The introduction
of sources into the manifestly covariant and non-manifestly covariant versions of these duality symmetric actions has
also been achieved [6].
The present work is essentially dedicated to establish the quantum mechanical equivalence of the Schwarz-Sen
and Maxwell theories in the case free of sources. We start by quantizing the Schwarz-Sen model in the Coulomb
gauge. The resulting quantum theory will be shown to be, nevertheless, relativistically invariant. This is our Section
II. In Section III we begin by recalling that the Maxwell action, when formulated in the Coulomb gauge, remains
invariant under a set of non-local duality transformations derived by Deser and Teitelboim [4]. Additional elds are,
afterwards, brought into the theory in order to make these transformations local. Correspondingly, a new expression
for the generating functional of Green functions is derived. In Section IV we demonstrate that the Green functions
generating functionals for the Maxwell and Schwarz-Sen theories are rigorously identical. Section V contains the
conclusions.
II. QUANTIZATION OF THE SCHWARZ-SEN MODEL












Ea,i = −F a,0i = − (∂0Aa,i − ∂iAa,0 , (2a)
Ba,i = −1
2
ijkF ajk = −ijk∂jAak , (2b)
and 1  i, j, k  3. S is separately invariant under the local gauge transformations
Aa,0 ! Aa,0 + Ψa , (3a)
Aa,i ! Aa,i − ∂ia , (3b)
and under the global SO(2) rotations
Aµa ! A0µa = Aµa cos θ + abAµb sin θ . (4)
Of course, (4) reduces to the usual discrete duality transformation for θ = pi/2. However, the Lagrangian density in
(1),
1This section is mainly based on Refs. [7,8]. Our space-time metric is g00 = −g11 = −g22 = 1 while ab designates a generic














F a,jkF ajk , (5)





∂jAa,i − ∂iAa,j = 0 , (6)
allows for the elimination from S of one of the gauge elds, the action for the remaining one being the conventional
Maxwell action.















Furthermore, the system possesses the primary constraints
Ωa0  pia0  0 , (8a)




jAb,k  0 , (8b)
where we have designated by piaµ the momentum canonically conjugate to A
a,µ. Then, the total Hamiltonian (H 0)







, where the u’s are Lagrange multipliers. Persistence in time of Ωa0
produces neither secondary constraints nor determines the Lagrange multipliers. On the other hand, persistence in
time of the primary constraints fΩai g does not lead to the existence of secondary constraints but determines partially
the Lagrange multipliers fuai g. Indeed, since the Poisson bracket
[Ωai (~x) , Ω
b
j(~y)]P = −ab ijk ∂jxδ(~x − ~y) (9)
does not vanish, _Ωai = [Ω
a
i , H
0]P  0 yields ua,i = ab(Bb,i − ∂iφb), where φa is an arbitrary scalar. Thus,
Ωa(~x) = ∂iΩai (~x)  0 (10)
and Ωa0  0 are the rst-class constraints in the theory.
To isolate the second-class constraints from (8b), we split Ωai into longitudinal (L) and transversal (T ) components,



















Ωaj and r2  −∂j∂j . The rst-class constraint








jAb,kT  0 . (11)
The determination of the constraint structure is over. It only remains to be mentioned that the gauge potential
Aa,µ, when acted upon by the generator of innitesimal gauge transformations, G =
R
d3x (ΨaΩa0 + 
aΩa), undergoes
the change Aa,µ ! Aa,µ + δAa,µ with δAa,0 = [Aa,0, G]P = Ψa and δAa,i = [Aa,i, G]P = −∂ia, in agreement with
Eqs.(3).
We shall next quantize the theory by means of the Dirac bracket quantization procedure [9{12]. To this end, we
start by xing the gauge through the subsidiary conditions
χa,0  Aa,0  0 , (12a)
χa  ∂iAa,i  0 . (12b)
The fact that the Coulomb condition and Aa,0  0 are, when acting together, accessible gauge conditions is a
peculiarity of the model under analysis. We now recall that, according to the quantization procedure being used, the
equal-time commutation algebra is to be abstracted from the corresponding Dirac bracket algebra, the constraint and
gauge conditions thereby translating into strong operator relations. After some calculations one nds thath




= −iab ijk ∂
x
k
r2 δ(~x− ~y) , (13a)h


























xδ(~x− ~y) , (13c)
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One may wonder on whether the right hand side of (14) is aicted by ordering ambiguities. This not so, since
Ba,i(~x) , Bb,j(~y)

= i ab ijk ∂xk δ(~x− ~y) . (15)
The main object of interest is the eld commutator at dierent space-time points. To nd it, we must rst solve
the Heisenberg equations of motion deriving from (13) and (14), namely,






∂jF aji , (16b)
where
D()abik  gikδab∂0  abijk∂j . (17)
Notice that, in the Coulomb gauge, the Lagrange equation of motion (6) can be casted as
jli∂lD(−)abik Ab,kT = 0 =) D(−)abik Ab,kT = ∂iξa . (18)
Since ∂iD(−)abik Ab,kT = 0, the function ξa must verify r2ξa = 0 but is otherwise arbitrary. Thus, the Lagrangian
and the Hamiltonian formulations lead to equivalent equations of motions only after the introduction of a regularity
requirement at spatial innity. This situation resembles that encountered in connection with the theory of the two-
dimensional (x0, x1, x = 1/
p
2(x0  x1)) self-dual eld () proposed by Floreanini and Jackiw [13,14], where the
equations of motion in the Lagrangian and Hamiltonian formulations turn out to be, respectively, ∂1∂− = 0 and
∂− = 0. We also recall that in order to solve ∂− = 0 one starts by realizing that ∂− = 0 =) ∂+∂− = 0 =)
2 = 0. The solutions of ∂− = 0 are then contained in the eld of solutions of 2 = 0. We shall follow here a
similar approach, since
D(−)abik Ab,kT = 0 =)D(+)ca,liD(−)abik Ab,kT = 0 =) 2Ac,lT = 0 . (19)









T (y) , (20)




B)  A∂kB−B∂kA. The combined use of this
last equation and (13) allowed us to nd the following explicit form for the eld commutator at dierent space-time
points 





















D(x− y) . (21)
One can verify, by applying D(−)caki (x) to both sides of (21), that the eld congurations entering the just mentioned
commutator are in fact solutions of (16a).
Now, the function D(x− y) can be given as the sum of a positive plus a negative frequency part and we, therefore,
can write
Aa,iT (x) = A
a,i(+)
T (x) + A
a,i(−)











































δ(~k − ~k0) , (24)
while all others commutators vanish. The polarization vectors are to be found by replacing (23) into the gauge
condition (12b) and the equation of motion (16b). One arrives to
2X
λ=1
~ε aλ (~k)  ~ε bλ (~k) = − 2 ab
~k
j~kj . (25)
On the other hand, the Coulomb gauge polarization vectors span, by construction, the space orthogonal to ~k, i.e.,
2X
λ=1
ε a,iλ (~k) ε
a,j







By using (25) and (26) we solve at once for the commutator in (24),h
a
(−)




= δλλ′ δ(~k − ~k0) . (27)
Thus the space of states is, as expected, a Fock space with positive denite metric.
Hence, the quantized Schwarz-Sen model is a physically sensible quantum eld theory. Our next task is to demon-
strate that this theory is also relativistically invariant. We are therefore looking for a set of composite operators
fµνg which may serve as Poincare densities. We shall build them by following the rules that are used to construct
the symmetric (Belinfante) energy-momentum tensor in a manifestly Lorentz invariant theory. In this way we nd
00 = −12 B
a,i Bai , (28a)
0i = i0 = −12 ijk abB
a,j Bb,k , (28b)
ij = ji = −Bai Baj + gij Ba,l Bal . (28c)
Thus,  is symmetric and free of ordering ambiguities but we can not yet decide on whether or not it is a tensor.
As for the equal-time commutator algebra obeyed by the components of , it is fully determined by the commutator
(15). In particular, one can corroborate that
00(x0, ~x) , 00(x0, ~y)

= − i 0k(x0, ~x) + 0k(x0, ~y)} ∂xk δ(~x− ~y) , (29a)
00(x0, ~x) , 0k(x0, ~y)

= − i kj(x0, ~x) − gkj 00(x0, ~y)} ∂xj δ(~x− ~y) , (29b)




0k(x0, ~y) ∂jx + 
0j(x0, ~x) ∂kx
}
δ(~x− ~y) . (29c)
As known [15], positivity requires that a singular Schwinger term, proportional to (∂3)δ(~x− ~y), must also be present
in the right hand side of Eq.(29b). The denition of µν can, in fact, be altered as to yield such term. But, since
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Schwinger terms do not contribute to the algebra of integrated charges, we have omitted them in Eqs.(29). From








0µxν − 0νxµ , (30b)
obey the Poincare algebra, i.e.,
[P µ, P ν ] = 0 , (31)
[Jµν , P σ] = i (gµσP ν − gνσPµ) , (32)
[Jµν , Jρσ] = i (gµρJνσ + gνσJµρ − gµσJνρ − gνρJµσ) . (33)
It takes just a few more steps to demonstrate that  is a tensor. Indeed, the additional equal-time commutators




ij(x0, ~x) , 0k(x0, ~y)

can also be readily evaluated by using (28) and (15). These
results and (29) can be collected into
Pµ , αβ

= −i ∂µαβ , (34a)
Jµν , αβ

= −i (xν∂µ − xµ∂ν)αβ
−i (µαgνβ + µβgνα −ναgµβ −νβgµα , (34b)
which are, respectively, the translation and rotation transformation laws to be obeyed by a second-rank tensor. The
purported proof of relativistic invariance of the quantized Schwarz-Sen theory is now complete.
What remains to be done is to demonstrate that the Coulomb gauge formulation of the quantized Schwarz-Sen
theory is in fact covariant. Since translations and ordinary rotations do not destroy the Coulomb gauge condition we










The term proportional to ab signalizes that gauge potentials corresponding to dierent values of a get mixed by Lorentz
boosts. This does not occur for ordinary rotations. Furthermore, the mixing term in (35) describes an operator gauge
transformation, which, as one easily veries, makes this commutator compatible with the transversality condition
∂iA
a,i
T = 0. Hence, under Lorentz boosts, the eld A
a,i
T undergoes, besides the usual vector transformation, an
operator gauge transformation which restores the Coulomb gauge in the new Lorentz frame.












Observe that Q is a SO(2) invariant Chern-Simons term. Thus, up to surface terms, it is gauge invariant. It is also
metric independent and so its algebraic form also holds for curved spaces. The use of (13a) enables one to verify that
Q indeed generates the innitesimal SO(2) rotations
[Q, AbTj(y)] = −ibaAaTj(y) . (37)
Furthermore, in terms of the creation and anhilation operators of (23) the operator Q is found to read
Q = i
Z




d3k(ayLaL − ayRaR) , (39)












From (39) one sees that, in a generic state, Q counts the number of left minus right polarized photons. It is easily
checked that Q commutes with all the generators of the conformal group as should be the case for an internal symmetry
generator.
The last part of this Section is dedicated to present the functional quantization of the Schwarz-Sen theory in the
Coulomb gauge. Clearly, the constraints (8a) and (12a) can be used to eliminate the phase-space variables pia0 , A
a,0
from the outset. On the other hand, the constraints Ωa  0, χa  0 have vanishing Poisson brackets with those in
the set fΩaTi  0g. This means that the Faddeev-Popov determinant split as follows
det(r2) det1/2(abijk∂j) , (41)
which after taking into account the functional relationship
det1/2(abijk∂j) = det(ijk∂j) , (42)
reduces to
det(r2) det(ijk∂j) . (43)
Clearly, the rst factor in (41) is the determinant of the matrix whose elements are [Ωa(~x), χb(~y)]P , while the second is
the determinant of the matrix whose elements are given at (9). Hence, for the model under analysis, the phase-space
generating functional of Green functions ( ~W ) is given by
~W =
Z

















is the corresponding eective action.
III. LOCAL DUALITY TRANSFORMATIONS FOR MAXWELL THEORY
As is well known, for the free Maxwell eld, in the Coulomb gauge, the phase-space Green functions generating
functional is given by2
W =
Z
[DAi] [Dpii] det(r2) δ[∂iAi] δ[∂ipii] eiSeff , (46)













Here, Bi = −ijk∂jAk is the i-th component of the magnetic eld, while pii denotes the momentum canonically
conjugate to Ai. As shown in Ref. [4], up to surface terms, Seff remains invariant under the non-local duality
transformations
2This section is mainly based on Ref. [8].
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Ai ! A0i = Ai + δDAi; δDAi = θr−2 ijk ∂jpik , (48a)
pii ! pi0i = pii + δDpii; δDpii = θ ijk ∂jAk . (48b)
The point we would like to stress now is that these transformations can be made local by introducing the auxiliary
elds Ci, and their corresponding canonical conjugate momenta Pi, dened as follows
r2Ci = ijk ∂jpik , (49a)
Pi = ijk ∂jAk , (49b)
∂iC
i = ∂iPi = 0 . (49c)
In fact, from Eqs.(48) and (49) one veries that
δDA
i = θ Ci, δDCi = − θ Ai, (50a)
δDpii = θ Pi, δDPi = − θ pii . (50b)
Our next task consists in reformulating the Maxwell theory in terms of the elds Ai, pii, Ci and Pi. To this end,
















pii _Ai , (51b)
where the following denitionY
δ[ ]  δ[∂iAi] δ[∂ipii] δ[∂iCi]δ[∂iPi] δ[Ci −r−2ijk∂jpik]δ[Pi − ijk∂jAk] , (52)


















Pi _Ci − 12
h
(~r ~A)2 + (~r ~C)2
i
. (54)
Correspondingly, the Coulomb gauge generating functional W of Maxwell theory can be cast as
W =
Z
[DAi] [Dpii] δ[∂iAi] δ[∂ipii]
 [DCi] [DPi] δ[∂iCi]δ[∂iPi] det(r2)
 δ[Ci −r−2ijk∂jpik]δ[Pi − ijk∂jAk] ei
˜˜Seff . (55)
It is through this form of W that we shall make contact with the Schwarz-Sen model. Needless to say, W in (55)
is, by construction, invariant under the set of local duality transformations (50). We learnt in this Section that, by
means of an appropriate enlargement of the phase-space, one can incorporate duality as a local symmetry of sourceless
electrodynamics.
IV. EQUIVALENCE OF THE MAXWELL AND SCHWARZ-SEN THEORIES
We have now at hand two duality symmetric theories. One is the Schwarz-Sen theory, whose phase space is spanned
by the variables A1,i, A2,i, pi1i and pi
2
i . The other one is Maxwell theory, whose phase-space variables are A
i, Ci, pii
and Pi. We shall prove, in this Section, that these theories are quantum mechanically equivalent3.
3This Section is mainly based on Ref. [8]
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The initial step toward this proof consists in identifying those variables whose behavior under innitesimal duality
transformations is the same. For the coordinates, the task is easy. Indeed, under innitesimal duality transformations
the Schwarz-Sen coordinates Aa,i change as follows (see (4))
δDA
1,i = θ A2,i, δDA2,i = − θ A1,i . (56)
Therefore, if one sets
A1,i = Ai , (57)
one obtains, from (50a) and (56),
A2,i = Ci . (58)



































We shall next take advantage of the identications above to rewrite the generating functional of Maxwell theory in
terms of the Schwarz-Sen variables. This change of integration variables in (55) leads to
W =
Z
[DAa,i] [Dpiai ] δ[∂iAa,i] δ[∂ipiai ] det(r2)
 δ[A2,i − 2r−2ijk∂jpi1k]δ[2 pi2i − ijk∂jA1,k]
 eiS˜eff . (63)
We emphasize that, when written in terms of the Schwarz-Sen variables, the Maxwell action (~~Seff ) becomes the
Schwarz-Sen action ( ~Seff ). However, since the integration measure in (63) does not appear to be that in (44), a few
more algebraic manipulations will be required to establish the equivalence between these theories. Let Lik be the
dierential operator
Lik  ijk∂j . (64)
Then,
δ[∂iA2,i] A2,i = δ[∂iA2,i] Likr−2LkmA2,m , (65)
which, in particular, implies that
δ[∂iA2,i] δ[A2,i − 2 ijk r−2 ∂jpi1k]
= δ[∂iA2,i] det−1
(−ijk∂jr−2 δ[klm∂lA2,m + 2 pi1k] . (66)
On the other hand, from the eigenvalue equation







= constant , (68)
or, equivalently,
det−1
(−ijk∂jr−2 = constant det (klm∂l . (69)
By going back with (66) and (69) into (63) one nds that
W = constant
Z


















= constant ~W . (70)
The purported proof of equivalence between the Maxwell and the Schwarz-Sen theories is now complete.
V. CONCLUSIONS
We started in this work by canonically quantizing the Schwarz-Sen theory in the Coulomb gauge. The resulting the-
ory turned out to be physically sensible. The Lagrangian density dening the theory is not covariant but, nevertheless,
we were able of constructing a set charges verifying the Poincare algebra.
Later, we showed that the phase space associated with the Coulomb gauge formulation of Maxwell theory can be
conveniently enlarged in order to accommodate duality as a local symmetry.
By analyzing the behavior under duality transformation, we were able of identifying the phase-space variables of
the Maxwell theory with those of the Schwarz-Sen theory. It was then possible to demonstrate that the corresponding
Green functions generating functionals were the same.
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